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Unequal intralayer coupling in a bilayer driven lattice gas
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Department of Computational Science, National University of Singapore, Singapore 119260, Republic of Singapore

~Received 2 November 1999; revised manuscript received 7 February 2000!

The system under study is a twin-layered lattice gas at half filling, being driven to nonequilibrium steady
states by a large, finite ‘‘electric’’ field. By making intralayer couplings unequal, we were able to extend the
phase diagram obtained by Hill, Zia, and Schmittmann and found some interesting effects. Many transient
phases to the strip phase were found to be long lived. We also attempted to test whether the driven lattice gas
with negative interlayer coupling is still in the Ising universality class. Simulation results suggest a value of
1.75 for the exponentg but a value closer to 2.0 for the ratiog/n. We suspect a different susceptibility has to
be used due to the presence of two phases near criticality.

PACS number~s!: 05.50.1q, 64.60.Cn, 05.70.Jk
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I. INTRODUCTION

Equilibrium statistical mechanics has served us well in
understanding of collective behavior in many-body syste
in, or near, thermal equilibrium. However, nature aboun
with examples of systems that are far from equilibrium a
their behavior cannot be predicted by theory. Linear respo
theory, a form of perturbation theory, works well only fo
systems slightly off equilibrium but not for those far fro
equilibrium. The way to tackle such new systems is to stu
simple models that have well-understood equilibrium pro
erties.

Much work has followed from the early attempt by Kat
Lebowitz, and Spohn~KLS! @1# to drive the Ising lattice gas
into nonequilibrium steady states via the introduction of
external electric field. This driven lattice gas~DLG! model
became the prototype for studying driven diffusive syste
~DDSs!.

The KLS or standard model for a DDS is composed of
ordinary lattice gas in contact with a thermal bath, involvi
particles hopping to their nearest unoccupied sites. Thi
controlled by a rate specified by both the energetics of in
particle interactions and an external, uniform driving fie
@2#.

Achahbar and Marro@3# studied a variant of the standar
model: stacking two fully periodic standard models on top
one another, without interactions across the layers. This
tem is coupled to a heat bath at temperatureT using spin-
exchange~Kawasaki! dynamics with the usual Metropoli
rate. In Kawasaki dynamics, pairs of sites~both intra- and
interlayer! are considered for exchange in order to have g
bal conservation of particles. Thus we have a diffusive s
tem without sources or sinks. Half-filled systems are stud
The two decoupled Ising systems undergo two phase tra
tions as the temperature is decreased from a large va
First, the disordered~D! phase at highT transforms into a
state with strips in both layers~S phase!. This is much like
two aligned, single-layer driven systems. Upon further lo
ering ofT, another transition occurs that results in an orde
state, resembling the equilibrium Ising system. It consists
a homogeneously filled layer and an empty layer@filled-
empty ~FE! phase#.

Hill, Zia, and Schmittmann@4# unveiled the mystery of
the presence of two phase transitions. They did a nat
PRE 611063-651X/2000/61~5!/4962~10!/$15.00
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extension to Achahbar and Marro’s model: addition of a co
pling across the layers. This coupling,Jz (J in their nota-
tion!, can be both attractive and repulsive. This led to no
discoveries. From the new phase diagram inT-Jz space at
fixed E, they observed the intrusion of the region of the
phase into that of the FE phase. The reader is referred to
paper for the phase diagram. The ‘‘usual’’ FE to D transiti
is interrupted by the presence of the S phase for very sm
and negativeJz as well as atJz50. Note that a large bu
finite electric fieldE is used to drive the system far out o
equilibrium.

In our paper, we investigate such systems further with
another trivial modification. We attempt to observe the
fects of having an unequal coupling in thex andy directions
within each top and bottom layer. In particular, we wish
map out the phase diagram in theT-Jz-Jy plane. TakingE to
be in thex direction, we have particle-particle interactions
the transverse direction,Jy , that are larger than or equal t
those along the field,Jx . The case of equal interaction
should recover the results in@4#.

In addition to extending the phase diagram into anot
dimension, we also attempt to determine the universa
class of the system forJz,0, i.e., for FE to D second-orde
transitions. It was stated in@4# that preliminary results seem
to suggest that the D-S transition belongs to the class
single-layer driven lattice gases. It is our objective here to
test the hypothesis that the D-FE transition belongs to
Ising universality class, to which many systems belong.

II. DEFINITION OF THE MODEL AND TOOLS
EMPLOYED

Following Hill et al., our system consists of two fully
periodicL3L square lattices, arranged in a bilayer structu
We label the sites by (j 1 , j 2 , j 3) with j 1 , j 250, . . . ,L21
and j 350,1. Each site may be either occupied or empty, su
that we can specify a configuration of the system by a se
occupation numbers$n( j 1 , j 2 , j 3)%, wheren is 0 or 1. In spin
language, we have spins52n21561. For half-filled sys-
tems, (n5L2 or (s50, i.e., zero net magnetization. Th
Hamiltonian is given by

H52J1 (
x dir

nn82J2 (
y dir

nn82J3( nn9, ~1!
4962 ©2000 The American Physical Society
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PRE 61 4963UNEQUAL INTRALAYER COUPLING IN A BILAYE R . . .
where n and n8 are the occupancies for nearest neighb
within a given layer whilen,n9 are for those across layer
Summations in thex and y directions include both top an
bottom layers. From now on,J1,2,3 will be used in place of
Jx,y,z .

Note that withJ350, we have two decoupled Ising sy
tems. This has been confirmed by computing the equiva
Ising model heat capacity from the system and compa
with exact results, where good agreement is observed.
restrictJ1 andJ2 to positive values and shall define the d
mensionless couplingsa5J2 /J1 andb5J3 /J1 for numeri-
cal convenience. We tookb in the range@210,10# while a
took on values 1, 2, 5, and 10. Witha51, we hope to re-
produce the results obtained by Hillet al.

The temperatureT is given in units of the single-laye
Onsager temperature, 0.5673J1 /kB in particle language. Fi-
nally, the external driving fieldE is given in units ofJ1 as
well, which affects the Metropolis rate via a subtraction ofE
from nH for hops along the field, and vice versa. A value
25 is used throughout the study.

Lattices investigated are of dimensionsL532, 64, and
128. Typical Monte Carlo steps~MCS! per site taken are
500 000 for the phase diagram determination and 106 for the
universality class investigation. Runs are performed at fi
a, b, E, andT ~all dimensionless!, starting from a random
initial configuration generated by a 64-bit linear congruen
random number generator. Discarding the first 53104 MCS
~for transients!, measurements are taken every 200 MC
However, if a significant change in character is seen in
configuration, as in any approach to the true steady s
from any local minimum~in energy!, the time average is
taken only after the changeover point.

To determine the critical temperatures, many systems
started from identical initial states but with differentT’s. A
susceptibility plot is then constructed from which theT value
giving the maximum susceptibility (Tpeak) is obtained via a
quadratic least-squares fit. This is to be repeated for eaL
and the estimate forTc obtained via the usual finite-siz
scaling hypothesis,

Tpeak~L !2Tc}L21/n. ~2!

The critical exponentn is chosen to be 1.0~tentatively!,
as for the Ising model. In fact, for an undriven system w
a51 andb50, theTc obtained via this method is 0.9886
using L54, 8, 16, and 32. This is in good agreement w
the expected value of 1.0. However, for a driven system
has yet to be shown explicitly thatn is still 1.0, which is the
other objective of this paper.

For theD-S transitions, it was suggested in@5# that the
critical exponentn is 0.7. Nonetheless, due to the enormo
demand on computer time,Tpeak is taken as a rough estima
for Tc in the determination of the phase diagrams. Thus
D-FE transition theTpeak values serve as upper bounds
the true critical temperatures. Hence the exact value on
should not affect the phase diagrams significantly.

The susceptibility is defined as

x~ l 1 ,l 2 ,l 3!5
Ld

kBT
@^uñ~ l 1 ,l 2 ,l 3!u2&2^uñ~ l 1 ,l 2 ,l 3!u&2#, ~3!
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wherekB51 andd52 for our two-dimensional~2D! system
and ^uñu& is taken to be the relevant order parameter. W
define$ l 1 ,l 2 ,l 3% as taking the same range as$ j 1 , j 2 , j 3% in-
troduced earlier. The Fourier transform of the occupan
n( j 1 , j 2 , j 3) is given by

ñ~ l 1 ,l 2 ,l 3!5
1

2L2 (
j 1 , j 2 , j 3

n~ j 1 , j 2 , j 3!e2p i [( j 1l 11 j 2l 2)/L1 j 3l 3/2].

~4!

Thus, in order for the fast Fourier transform to be app
cable, only the system sizesL52p are used, withp being
any positive integer.

The quantityS( l 1 ,l 2 ,l 3)5^uñ( l 1 ,l 2 ,l 3)u2& is called the
structure factor. Different pure phases are represented
different structure factors and the deviation of each from
maximum value measures the presence of each of th
phases in a given configuration. A change across the latt
is reflected in the third indexl 3 in ñ(0,0,1). For a pure FE
phase,uñ(0,0,1)u250.5250.25 is the only nontrivial positive
entry in the power spectrum@besides the trivialuñ(0,0,0)u2
50.25 due to the half-filled nature of the lattice#. For a phase
that is 90% FE-like, the value will be slightly less than 0.2
Thus the quantityS(0,0,1) computed is the structure fact
for the pure FE phase, where the time average operations
redundant for the pure phases. Other entries in the po
spectrum such asuñ(0,1,0)u2 can be used to characteriz
other phases. In fact, Hillet al.used this entry’s time averag
S(0,1,0) to represent the S phase, but we found that any
l 2 index suffices.

We thus speculate that any given configuration of the
layer DLG can be viewed as consisting of a superposition
many ‘‘pure tones,’’ such as the FE configuration. Thu
through a Fourier transform, we can pick out the ‘‘freque
cies’’ present by monitoring a few entries in the power sp
trum that represent various possible steady states from
ergy arguments. Upon taking time averages,
corresponding structure factors can be computed. For D
transitions,S(0,0,1) is monitored together withS(0,1,1),
which represents the ‘‘local minimum’’ solution. This is
staggered form of the FE phase, with an occupied band

FIG. 1. The pure configurations: FE, S, and AFS phases
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FIG. 2. Phase diagrams for the bilayer lattice gas:~a! a51, ~b! a52, ~c! a55, and~d! a510.
m

e

e

o.
e

lit
is
re

m
n
se

he
tri-
-

nfir-
ex-
ses.

ned
s is
in a
ag-
ble
uld
e-

s a
he
one layer matched by an empty one on the other. We ter
this the AFS~antiferromagnetic strip! phase. It is like a hy-
brid between FE and S phases and occurs at low temp
tures for systems with repulsive interlayer coupling~see Fig.
1 for a pictorial view!. The transition from a pure FE phas
~dominant at moderate temperatures! to disorder is marked
by a drop ofS(0,0,1) from its maximum of 0.25 to near zer
The location ofTc is where the slope of the drop is th
largest or wherex(0,0,1) peaks.

Due to finite-size effects, the peaks of the susceptibi
function do not diverge to infinity but the distribution
‘‘rounded’’ and the peak location shifted in temperatu
These two features are observed in our simulation data.

III. PHASE DIAGRAMS

The phase diagram for a driven system with the sa
parameters as used by Hillet al. can be reproduced to a
acceptable degree by our implementation. We shall pre
our phase diagrams~Fig. 2! as slices off the full 3D phase
ed

ra-

y

.

e

nt

diagram in theT-b-a space.
A few qualitative features can be discerned from t

phase diagrams. The first of these is the growth of the ‘‘
angular’’ region, a term coined in Hill’s paper for the intru
sion region of the S phase into that for the FE phase, asa is
increased. This observation provides an independent co
mation of the existence of this phenomenon. Without an
ternal drive, no bias exists between the FE and the S pha
However, application of a drive in thex direction ~vertical!
seems to favor the S phase, with its linear interface alig
with the drive, as compared to the isotropic FE phase. Thi
speculated to be analogous to magnetic domain growth
ferromagnetic material under the action of an external m
netic field. The S phase, which is not expected to be sta
when repulsive interactions exist between the layers, co
become stable due to the drive. The driving field could som
how compensate for the gain in configuration energy a
result of particle stacking under repulsive interactions. T
survival of the S phase in the negativeb region is increased
asa increases.
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FIG. 3. Plots of structure factorS(0,0,1) ~for FE! againstT. The left figure is fora51, b525, L532, andE50 (h) which is an
example of a second-order transition. Also shown on the same plot is the driven case,Ex525 (L). On the other hand, the right figure serv
as an illustration of the structure factor discontinuity at a first order transition and is obtained ata52, b520.5 and sameL, Ex values.
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Another feature worth noting is the shifting of the bicrit
cal point toward more negativeb values as well as toward
higher temperatures. Thus the S phase becomes more s
at moderateb values asa is increased, despite its instabilit
from energy arguments.

We judge whether the transition is second or first order
looking at the plots of structure factors against tempera
T. A second-order transition has continuous derivatives
every point, an example of which is shown in Fig. 3 for t
D-FE transition. A first-order transition, like FE-S in the se
ond figure, will show a discontinuity.

Table I presents some representativeTc values from the
phase diagrams. One can plot the difference between thTc

values for the second-~D-S! @column 4 of the table: 0.0~2!#
and first- ~S-FE! @column 3 of the table# order transitions
along theb 5 0 line againsta and observe that a leas
squares straight line can be fitted through them. Howe
due to a lack of finite-size scaling knowledge for the D
transition, we could not get a better estimate forTc at the
second-order transition point and thus could not conclud
the error bars could tolerate a linear fit. Nonetheless, a lin
fit might be possible, though no theory has yet been de
oped to investigate this.

We also plottedTc at b5210, 0, and 10 against thea
values. The plot forb5210 ~D-FE! seems to exhibit a loga
rithmic relationship. As for the non-negativeb values, which

TABLE I. Critical temperatures at three selectedb values.

a b
210.0 0.0~1! 0.0 ~2! 10.0

1.0 1.242 ;0.950 1.228 1.781
2.0 1.692 0.600 2.100 2.923
5.0 2.535 1.100 4.205 6.200
10.0 3.152 1.550 7.619 10.779
ble

y
re
at
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if
ar
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are for D-S transitions, the relationship seems linear exc
at largea for b510 and smalla for b50.

IV. INTERPRETATION AND DISCUSSION OF PHASE
DIAGRAMS

The survival of the FE phase under a driving field shou
not be taken as to be expected. For largea, we would expect
staggered and horizontal antiferromagnetic bands to form
the undriven bilayer LG from energy arguments. The fo
looks like the AFS configuration but rotated 90°. Under
driving field directed perpendicular to these bands, it appe
that even a large coupling of 10 could not stand up to
effect of an even larger driving field~strength 25!. It has yet
to be seen if the reverse situation can favor the rotated A
phase.

We can try to interpret the phase diagrams as follow
First, the increased intrusion of the S phase asa increases
can be understood through a thought experiment. Th
phase can be thought of as consisting of strings of partic
of one particle width, aligned with the driving field. Thes
are bounded together through the couplinga, in the trans-
verse direction to the fieldEx̂. As T increases, the arrange
ment will be disturbed until, at a sufficiently largeT, disorder
reigns. However, if we increasea, the increased binding
could compensate for the disorienting effect of largeT. This
effectively makes the critical temperature for the S-D tran
tion higher.

However, this is not to say that the increaseda does not
help to increaseTc for the D-FE transitions as well. It is only
that the increase is much smaller in the FE case.

The effect ofa is to help neighboring particles to bin
together in they direction. This helps the configuration t
hold together despite the larger temperatures applied an
true for both S and FE phases. One possible reason for
much lower thermal tolerance for the FE case might be t
each of theL2 particles in one layer has equal probability
leave the pure FE phase. On the other hand, for the S ph
only particles at the edges~for top and bottom layers!
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FIG. 4. Example illustrating
the two-banded S as a transient
the final one-banded S phase. Th
is typical of systems with largea
and well inside the intrusion re
gion at negativeb, with tempera-
tures well above the S-FE trans
tion line but less than those value
that give very fast convergence t
the single-banded S phase. Th
entries in the power spectrum
monitored are ~0,1,1! for AFS,
~0,0,1! for FE, ~0,2,0! for two-
banded S,~0,1,0! for one-banded
S, and ~0,4,0! for four-banded S
phase. The run-time average
taken produce the structure facto
for each case. Note that the max

mum values foruñ(0,2,0)u2 and

uñ(0,1,0)u2 are both 0.1016 for the
case ofL532.
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aligned with the field can migrate transverse to the field a
leave the pure S phase. This implies that onlyO(L) particles
have a chance of migration. Thus it is easier to destroy a
phase than an S phase once they are formed. In actual s
lations starting from random configurations, this implies th
it is easier to form the S phase. This might provide the key
the stark difference in the amount of benefit acquired from
increaseda for the two pure phases. The argument a
holds for configurations of a ‘‘near FE’’ or ‘‘near S’’ nature
before the critical temperature.

Further, each movement of a particle out of the filled ba
for an S phase violates the occupied-occupied single-
configuration across the layers, which is typical of the
phase. However, the exchange of a particle with a hole
the opposite layer in a FE phase does not violate the em
occupied configuration typical of an FE phase. Note that
argument is only for a single site. Hence in a way it is eas
to destroy an FE phase.

Conversely, starting from an initial random configuratio
it is harder to form the FE phase as particles must not
couple together, they must all reside on one of the lay
This can only happen at low enoughT. Thus we may argue
that the FE phase is the dominant phase only at large eno
repulsive interlayer couplings under the drive.

V. LONG-LIVED TRANSIENTS

When investigating the transition of the FE to S pha
~first order due to a discontinuity in the structure factor v
susT plot!, severaltransientphases are observed. They a
pear to be the ‘‘local minimum’’ solutions of an optimizatio
problem in which the S phase is the best solution, i.e.,
configuration of lowest free energy satisfying the parame
of the system.

The transient phases observed are composed of from
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up to four or five vertical bands, compared to the S ph
which has only one band. These are dominant at the c
paratively lowT for the FE-S transition, whereas we can fin
the S phase again at moderateT. In fact, these multibanded
structures has also been reported recently by Ziaet al. @6#
based on an anisotropic DLG model investigated in@7#. The
structures were also seen in an anisotropic lattice gas
tomata model proposed by Marroet al. in @8#. In the latter
case, they have a single lattice gas system evolving unde
the Metropolis rate but automata rules.

The n-banded S phases are seen to give way to the t
banded phase asT increases. For certain runs at moderateT,
the latter is even seen to ‘‘evolve’’ into the single-band
phase during a long enough simulation run~more than 3
3105 MCS for L532), as in Fig. 4. This observation lend
further evidence that then-banded phases are the loc
minima, from which we could reach the global minimu
with an increase inT or a longer run.

Here, we can also speculate that the cause of the em
gence ofn-banded S phases is the larger couplinga. In @8#,
then-banded S phases were obtained with a setting of 0.9
a parameterb in their model, withbP@0,1#. If b.1/2, this
implies that there exists a tendency for particles to appro
each other in the direction transverse to the driving field. F
b,1/2, it represents a tendency for particles to separate f
each other. Thus we can see thatb50.9 has a similar effect
to a largea in our case. This realization implies that then- to
single-banded S phase transition is a real phenomeno
DDSs as it can be produced by different models.

The transients were not reported in Hill’s work, probab
because the ratioa is 1. Only when the coupling in the
transverse direction to the drive increases far beyond 1
these transients be observed. The increase ofa has the effect
of ‘‘stretching out’’ the system dynamics, making otherwi
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short or nonexistent transient phenomena emerge. In fact
observed that structure factor plots for the same param
settings are similar in form fora51 anda510 except that
the temperature range is 10 times larger for the lattea
value.

Finally, some words about obtaining the FE-S first-ord
transition line. Fora.1, the FE phase is seldom observ
inside the ‘‘triangular’’ region. Instead, either the AFS pha
or a mixed phasehaving both AFS andn-banded S charac
teristics is observed. This then leads to then-banded S phase
at higherT. Thus we are seeing another transient configu
tion. Their appearance effectively hid the first-order tran
tion line and so a heuristic approach has to be taken.
simply take the smallestT that gives ann-banded S phase a
an estimate ofTc~FE-S!.

VI. CRITICAL EXPONENT DETERMINATION

In the literature, there is some work on the universa
class of bilayered systems by Marroet al. @5#. In their paper,
they looked at systems with no interlayer coupling and fou
that the S-FE transition belongs to the Ising universality cl
for E,Ec'2, due to the presence of a tricritical point. A
we used a value ofE much larger thanEc , we observed a
first-order transition instead. The D-FE transition is not o
servable in the absence of interlayer coupling under a dr

To the authors’ knowledge, no work that reports on t
universality class of the D-FE transition for an energetica
coupled bilayer DLG exists in the literature. Here we tried
determine for a system under a finite but large drive. Wo
ing under the hypothesis that the system is Ising, we co
puted the quantityg/n to see if the Ising value of 7/4 coul
be obtained. This is done by assuming the finite-size sca
relationxmax(L)}Lg/n.

Hence, by getting good estimates of the susceptibi
peak values for various system sizes, we can obtain an
mate for the ratiog/n. The value of the exponentg for the
2D Ising model is 7/4. As forn, it is the correlation length
exponent and takes on the value 1 for the Ising model.

Let us outline the tactic we used. For a givena setting,
we attempt to obtain estimates ofg/n as well as the indi-
vidual exponentsg and n for representativeb values,
namely,21, 25, and210. To do this, we require mor
detailed susceptibility plots especially for the region near
peak, where systems withT values differing only in the third
decimal place are investigated. Data points close to the p
are fitted with a least-squares degree 2 polynomial and
maximum value as well as its location determined. These
the xmax(L) andTpeak(L) we desire. By repeating the pro
cedure for system sizesL532, 64, and 128, we could plo
Tpeak vs L with a guess forn to obtainTc .

By plotting lnxmax vs lnL, the gradient of the least
squares fit straight line gives the ratiog/n. Now, the expo-
nentn becomes a free variable. For consistency in the plo
ln(xL2g/n) versus ln(uT2TcuL21/n), we could either usen51
or, assumingg to be 1.75, obtain an ‘‘experimental’’ valu
for n to be used for the determination ofTc . Thus we can
have two sets of ‘‘scaling’’ plots. With these we can check
see if the derived quantities give good ‘‘data collapse
which is expected if the scaling relations are satisfied. Fr
the plot, the slopes of the two best-fit straight lines is e
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pected to give us the exponentg.
For a test of the method, we looked at the decoupl

undriven, and isotropic case, essentially expecting to
Ising behavior. With simulation runs of 53105 MCS, the
Tpeak(L)’s for L58, 16, and 32 are plotted againstL1/n,
yielding aTc of 0.9729 forn51.

From the gradient of the lnxmax vs lnL plot, an estimate
of 1.7520 is obtained forg/n. Assuming the exponentg to
be 1.75, we obtained the experimentally obtainedn value of
0.9989. We could also use this value ofn to return us aTc of
0.9886. Hence, both cases giveTc very close to the expecte
value of 1.0 and we have self-consistency.

Looking at the scaling plot, Fig. 5, the value ofg is esti-
mated from the slope of the least-squares fit line through
upper data points. This turns out to be 1.7273 for the case
@n51.0,Tc50.9885# and @0.9989,0.9886#, using the same
g/n of 1.7520 and assumingg51.75. Hence the method
proposed is workable though slightly limited in accuracy.

With this much groundwork done, we can proceed to o
findings. Due to time and resource constraints, onlya51
and a portion of thea52 D-FE phase space is explored
determine the universality class. As a rough guide, the C
time spent on this portion of the paper was about 1800 h~an
underestimate! for a Digital Alpha processor running at 60
MHz. Typical running times are 1 h for L532, 5 h for L
564, and 24 h forL5128, all with a run length of 13106

MCS. All runs were started from the same initial~randomly!
half-filled configuration but at different temperatures. Due
this, the maximum system size investigated is limited to
31283128.

Figure 6 depicts the problems we faced in the determi
tion of the peaks for the susceptibility plots. Data points a
scattered about some fitting quadratic polynomial near
peak~‘‘rounded’’!. An estimate of how well the polynomia
fits the data values is needed to give a feeling of the e
associated with the maximumx value obtained via the fit.

We associate an error with the estimate ofxmax through
the following heuristic approach. From the set of data poi
about the observed peak of the function, a linear interpo
tion is made to obtain more points. The difference betwe

FIG. 5. Data collapse plot for the case ofa51, b50, andE
50 using all experimental values.
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these pseudo data points and those from the parabolic fi
the chosen interval is denoted bye (5ydata2yf it). We next
compute the variance of the set ofe values as var(e)5^e2&
and take the standard deviation,s(e)5Avar(e)/(n21) as
an estimate of the error inxmax. This gives us a gauge as t
the spread of the ‘‘errors’’ when the data points are fitted
a least-squares degree 2 polynomial. However, this estim
does not tell us how far our estimate is from the truexmax for
the set of parameters, as effects like critical slowing do
may be present to alter the observed peak height.

Making lnxmax versusL plots with error bars, we found
that although the errors forL5128 are largest, they provid
only little variation for the slopes of the best-fit straight line

Table II lists the estimates for the ratiog/n based on
taking the ratio of ln(x2 /x1) over ln(L2 /L1), where the third
entries for eachb are the same as those obtained via lea
squares fit gradients to lnxmax vs lnL plots. Herex1 is the
short form ofxmax1 for system sizeL1. Listed are the values
for different ratiosL2 /L1 as well as the propagated error
g/n, which isd(g/n)5@1/ln(L2 /L1)#@s(e)2 /x21s(e)1 /x1#.

FIG. 6. Plots ofx againstT for a51 and b521, with ~a!
being the full plot and~b! giving a zoomed-in picture. The simula
tion data are shown as squares while the dots in the second fi
represent the attempt to fit a quadratic curve through the inte
lated values. The circles are artificial data points generated by li
interpolation between the experimental data points in order to
prove the eventual quadratic fit.
to
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te

n

.
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From Table II, it is clear that all intervals forg/n com-
puted do not include the value 1.75. An important obser
tion is that for ratios computed using theL5128 data, a
value greater than 2.0 can be obtained. These data do n
into our scheme of things so far, which places a limit th
g/n is less than 2.

If we take the upper bound of the ratiog/n to be 2.0, the
data points forL5128 may be inaccurate. As the errors com
puted could not explain the discrepancy, it was suspec
that critical slowing down is quite severe in such a lar
system size and that the 1 million MCS taken was not su
cient for the system to reach the true steady state. If thi
indeed the case, then the data forL532 and 64 should be
more trustworthy. But their intervals also do not includ
1.75. Thus it is concluded that we observe here a signific
deviation from the Ising value.

With the experimental ratios ofg/n, we assumedg to
remain at the Ising 1.75 value and plottedTpeak against
L21/n for each setting of coupling strengths investigate
With n less than or equal to 1.0, the plots obtained could
be well fitted with least-squares straight lines. In fact,
plots seem more logarithmiclike~i.e., concave functions!. Is
this another signature of a non-Ising system or the existe
of two correlation lengths? We could not provide an answ
at this current stage of research.

We made ‘‘scaling plots’’ for the different system size
for each value of the parameterb investigated. Withg as-
sumed to be 1.75 andg/n.1.75 from simulation data, then
computed will be less than 1.0. Scaling plots are made w
n set to 1.0 as well as the computed value and compared
the degree of data collapse, as well as observing whethe
slopes of the upper and lower best-fit straight lines give thg
value assumed. It was found that the ‘‘Ising’’ plots were n
consistent in that we do not recover the assumedg value of
1.75 from the slopes. There are altogether eight plots for
four b settings we looked at~with a51).

From the scaling plots with the experimental values,

re
o-
ar
-

TABLE II. Values of g/n computed from various scenarios
with the associated errors. Also included are the intervals for v
ous estimates of the ratios.

b L2 /L1 g/n d(g/n)
g

n
2dSgnD g

n
1dSgnD

21 64/32 1.846 0.026 1.819 1.872
128/64 2.009 0.062 1.946 2.071
128/32 1.927 0.020 1.907 1.947

22 64/32 1.898 0.011 1.887 1.909
128/64 2.084 0.056 2.029 2.140
128/32 1.991 0.004 1.987 1.995

25 64/32 1.774 0.015 1.759 1.789
128/64 2.363 0.053 2.309 2.416
128/32 2.068 0.027 2.042 2.095

210 64/32 1.848 0.016 1.832 1.863
128/64 2.191 0.030 2.161 2.221
128/32 2.019 0.013 2.007 2.032
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observed that a straight line of slope 1.75 can be fit
through the data points in the linear regions. Thus, the
sumption ofg being 1.75 is consistent with the plots. Fu
ther, we observed that the data points for different sys
sizes show signs of scaling behavior, in that data points fr
smaller systems deviate from the perceived linear reg
faster. This is true for both the top and bottom branches
is mainly due to finite-size effects. Another point to note
the very short linear regions obtained from the model.
nally, compare the top plot with the bottom in Fig. 7 whe
the exponents assume Ising values. The data collapse in
bottom plot near the ‘‘bend’’ is not as good as in the top pl

Similar situations occurred for the other settings ofb. All
the slopes measured are close to the value of 1.75 assu
Again, collapse is visually better with the all-experimen
cases.

We also moved on to look at the case wherea is larger
than 1. It was found that the quality of data collapse
poorer. Does this imply that the deviation from the Isi

FIG. 7. Data collapse plot for the case ofa51, b521. Top
plot usesg/n obtained ‘‘experimentally’’ while the bottom plo
assumes it to be 1.75. Both plots assumeg to be 1.75. TheTc value
used for the first plot was 1.1487 takingn to be 0.9081 while it was
1.1465 forn51 in the second.
d
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model is more severe for this case? It is hard to make
statements as current knowledge indicates that intrala
couplings are not expected to affect the universality class
the model system. However, althoughb5210 gave us a
g/n ratio of 1.9268, that ofb521 is only 1.7939, which is
still a puzzle. As the susceptibility plots froma52 are simi-
lar in nature to those froma51, we do expect similar re-
sults, though the peak heights are lower in the former c
~see Fig. 9 below!. We suspect that more data points a
needed nearTc for the a52 cases.

VII. DISCUSSION AND SPECULATION

Though our numerical results indicate non-Ising behav
there may still be problems. The observed peaks are incr
ing at a rate higher than expected for the Ising model aL
increases and we do not see any reasonable way to b
down the peak heights. The phenomenon of critical slow
down may be affecting our numerical results. However,
huge demand on computer resources constrained us to6

MCS per run for the three system sizes we looked at.
For equilibrium systems approaching criticality, the a

propriate part of the power spectrum we are monitor
~whose time average is the order parameter! is quite constant
but with sudden drops to zero~the top two plots in Fig. 8!.
~Note that the drops as depicted are not as sudden, sinc
sample the data only every 200 MCS.! Going even closer to
criticality, we saw only ‘‘ridges’’ and ‘‘valleys.’’ These are
the huge fluctuations of the dominant power spectrum~that
for the FE phase in our case! expected due to divergence o
the susceptibility. For Ising systems, all other entries sho
be near zero. Hence for the equilibrium FE-D transition, o
xFE diverges near criticality.

For the driven case, the story is quite different. Wh
drops occur for the FE representation, the entry for A
~stripped antiferromagnetic layers! rises. They are in a way

FIG. 8. Fluctuations ofuñu2 with time nearTc for the driven
system. Parameters:b5210, a51, L5128, andT51.2405. The
quantities plotted on they axes are ~from top to bottom!

uñ(0,1,1)u2, uñ(0,0,1)u2, uñ(0,2,0)u2, uñ(0,1,0)u2, and uñ(0,4,0)u2,
as in Fig. 4. The horizontal time axis is in units of 200 MCS. No
that as the value in the second row~FE! increases, that in the firs
row decreases, and vice versa.
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antagonistic to each other. What we are seeing here is
instead of the system going into a state with no discern
structure when it looks less FE-like, the particlescollectively
form a phase that is like the pure AFS phase, possible o
under the drive. It is a situation where the FE-D-FE st
during a simulation run at aT close toTc is replaced by
FE-AFS-FE.

We can attempt to examine the physics of the situati
During a simulation run at moderately highT, particles from
the filled layer may hop onto the empty one~note that the
driving field does not influence particle hops across laye!.
Without any drive, these clumps of particles in a genera
particle poor region would not have any long ranged ord
However, under the drive, linear interfaces would tend
result due to particle alignment with the external field. Th
a phase resembling the AFS results whenever the FE pha
‘‘eroded.’’ Locally the rule of having particle-hole pair
across layers was satisfied by both FE and AFS phase
fact, the AFS phase is only slightly higher in energy co
pared with the FE and is in fact a local minimum soluti
while FE is the global one. This ability of the lattice gas
switch between two phases of very close energy does
have a counterpart in the equilibrium model.

We thus see that enroute to a disordered configuratio
T increases, the FE and AFS phases are both present i
intermediate configuration. Although the negatively coup
bilayer system is FE at moderately low temperatures, asTc is
approached the AFS phase becomes significant wheneve
configuration becomes less FE-like. AsT is increased fur-
ther, the amplitudes of both components are observed to
come comparable until they both become close to zero~as
for other phases! at very highT. We thus may not have a
simple FE-D transition but instead a FE/AFS-D transitio
Hence the numerical results obtained based onxFE alone
may not give us the full picture. Looking back at the scali
plots, we begin to wonder if the poor collapse nearTc is the
result of not taking the AFS phase into account.

Plotting the susceptibility curves for each set of parame
settings over the different system sizes, we found plots c
acteristic of second-order phase transitions~Fig. 9!. How-
ever, comparison with Ising plots shows the peaks to sk
toward smallerT asL increases, which is a curious observ
tion at this stage.

VIII. CONCLUSIONS

We have attempted to extend the phase diagrams of
bilayer driven lattice gas for unequal intralayer attract
couplings. This is in continuation of the work done by H
et.al @4#. The main findings are that the phase region oc
pied by the configuration that consist of ferromagnetic ba
across the layers~S phase! increases at the expense of t
other phase, which is the FE~filled-empty! phase. We specu
late that the preference for the S phase over the FE phas
the driving field increases as the intralayer coupling tra
verse to the drive increases.

We also tried to determine the universality class of o
bilayer driven lattice model with repulsive interlayer intera
tions. Starting with an Ising hypothesis, we found discrep
cies forg/n with the Ising value of 1.75, obtaining a valu
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closer to 2.0 instead. Hence we have a situation whereg/n is
non-Ising butg could remain Ising.

Two dominant phases near criticality, namely, the FE a
AFS, are observed. The AFS phase comes into play o
close to criticality as well as at low temperatures, while t
FE phase is dominant at moderateT. All our results were
based on FE-D transitions but the true picture could
FE/AFS-D transitions. Essentially, we suspect that a diff
ent x has to be synthesized fromxFE and xAFS, where the
latter may diverge near criticality as well. At this stage,
plausible theory has yet to be worked out. This may expl
the poor data collapse nearTc , though whether this suscep
tibility could give Ising behavior is inconclusive.

Another possibility for non-Ising results could be that t
scaling is anisotropic, requiring two correlation length exp
nentsn' andn i , associated with the directions perpendicu
and parallel to the driving field, respectively. This could al
explain the nonlinearity of theTpeak plots. However, as is
well acknowledged in the field, this proposal would be ve
difficult to investigate.

Thus, it is concluded that the repulsive interlayer DL
does not belong to the Ising class. The theoretical and p
tical ramifications could be subjects for further research.

FIG. 9. Selected combined susceptibility plots fora51 anda
52.
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